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Decision Making with Combinatorial Actions

task 1

task 2

task 3

Matching 
from tasks to workers

Spanning tree 
in communication networks

s

 s-t path 
in road networks 

t

Minimum spanning tree problem Shortest path problem
Maximum weighted 
matching problem

?

?

? ?

?

?

? ?

? ?

?

?

?

Input parameters might be 
 initially unknown or uncertain!

Input parameter must be learned over time!
We focus on combinatorial bandits.
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Combinatorial Bandits

AgentObserve  
(noisy) feedback 

 rxt
∈ ℝ

Pull a super arm
xt ∈ 𝒳

Environment 
(unknown)

: a set of base arms (e.g., a set of edges) 
: combinatorial action space (e.g., spanning trees, paths, matchings) 

: unknown parameters (e.g., edge weights)

[d] = {1,2,…, d}
𝒳 ⊆ {0,1}d

θ ⊆ ℝd

[Cesa-Bianchi and Lugosi, 2006; Chen et al., 2013; Chen et al., 2014]

Standard learning objectives
Regret minimization: Minimize the cumulative regret

Pure exploration: Identify the best super arm  
using as few exploration rounds as possible (This Talk)

x* = argmaxx∈𝒳x⊤θ
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Issue 1: Strong Observation

 Semi-bandit feedback: 
After sampling super arm  
Observe all the elements in super arm

xt ∈ 𝒳

e.g. [Chen et al., 2014, 2016, Gabillon et al., 2016, Chen et al., 2017, Huang et al., 2018, 
Cao and Krishnamurthy, 2019; Joudan et al., 2021].

Xt(e) = 11

5

12

Pull base arm  directly  
and observe 

e ∈ [d]
Xt(e) := θ(e) + ηt

Due to practical constraints such as a budget ceiling or privacy concern, 
such strong feedback is not always available in recent applications. 

Issue １

Noise
R-subGaussian 

 (light tail)
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[Soare et al., 2014, Karnin, 2016, Tao et al., 2018, Xu et al., 2018, Zaki et al., 2019, Degenne 
et al., 2020, Katz-Samuels et al., 2020, Zaki et al., 2020, Jedra and Proutiere, 2020].

Since  is exponential size in ， 
linear bandits algorithms cannot be applied to combinatorial setting.

|𝒳 | d

Issue 2

Full-bandit feedback (This study): 
Pull super arm ,  
only observe sum of rewards   

xt ∈ 𝒳
x⊤

t θ + ηt

x⊤
t θ + ηt = 28

Linear reward case is a linear bandit  
→All existing algorithms for linear bandits  
need  time complexity.O( |𝒳 | )

Xt(e) = 11

5

12

Issue 2: Computational Issue
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: a set of base arms 

: combinatorial action space（e.g., a family of indicator vectors of matchings, 
spanning trees, and paths） 

: unknown latent vector

[d] = {1,2,…, d}
𝒳 ⊆ {0,1}d

θ ⊆ ℝd

：maximum expected rewardx* = argmaxx∈𝒳x⊤θ ：output of the algorithm𝙾𝚞𝚝 ∈ 𝒳

Fixed confidence setting
Given confidence parameter , the agent must guarantee 

.
δ ∈ (0,1)

Pr[𝙾𝚞𝚝 = x*] ≥ 1 − δ

# samples the agent used to output (sample complexity)Evaluation metric： 

At round   
1. Choose super arm （arm selection） 
2. Observe random reward （feedback）

t = 1,2,…, T
xt

rxt

Fixed budget setting
Given the sampling budget , the agent minimizes the error probability T
Pr[𝙾𝚞𝚝 ≠ x*]

error probability Pr[𝙾𝚞𝚝 ≠ x*]Evaluation metric： 
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・Y. Kuroki, L. Xu, A. Miyauchi, J. Honda,  M. Sugiyama, Polynomial-time Algorithms for Multiple-Arm Identification with 
Full-bandit Feedback, Neural Computation, vol.32, no.8 pp.1733-1773, 2020.  

・Y. Kuroki, A. Miyauchi, J. Honda, M. Sugiyama, Online Dense Subgraph Discovery via Blurred-Graph Feedback, In Proc. 
International Conference on Machine Learning (ICML2020),  pp. 5522-5532, 2020.  

・Y. Du*,  Y. Kuroki*, W. Chen, Combinatorial Pure Exploration with Partial or Full-Bandit Linear Feedback, In Proc. of 
Association for the Advancement of Artificial Intelligence (AAAI2021), 2021 

・Y. Du,  Y. Kuroki, W. Chen, Combinatorial Pure Exploration with Bottleneck Reward Function, In Proc. of NeurIPS 2021, 
2021.  

・Y. Kuroki, J. Honda, M. Sugiyama. Combinatorial Pure Exploration with Full-bandit Feedback and Beyond: Solving 
Combinatorial Optimization under Uncertainty with Limited Observation. (Preprint of the invited review article)

7Our Recent Advances

Semi-bandit/individual sample(strong observation)
full-bandit

linear reward 

Partial-linear (weak observation)

non-linear reward

linear reward
e.g. shortest path 

matching

Combinatorial Pure exploration

Our study

Existing study 
individual sample/semi-bandit/linear reward/computational issue

non-linear reward densest subgraph problem

Du+, AAAI2021

Kuroki+, ICML2020

Kuroki+, Neco2020

Du+, NeurIPS2021

This Talk: Limited Feedback
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Recent advances

Linear reward case with full-bandit feedback 
Online densest subgraph discovery 
Nonlinear reward and partial-linear feedback

Open Problems 

Conclusion 
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Problem setting for full-bandit linear case

: a set of base arms (e.g., a set of edges) 
: combinatorial action space (e.g., spanning trees, paths, matchings) 

: unknown parameters (e.g., edge weights)

[d] = {1,2,…, d}
𝒳 ⊆ {0,1}d

θ ⊆ ℝd

：optimal super arm with the highest expected rewardx* = argmaxx∈𝒳x⊤θ
：output of an algorithm𝙾𝚞𝚝 ∈ 𝒳

Fixed Confidence Setting

Given a confidence level ,  must be satisfied.δ ∈ (0,1) Pr[𝙾𝚞𝚝 = x*] ≥ 1 − δ

The number of samples used by an algorithm  
(i.e., sample complexity)

Evaluation metric: 

Setting:  

Full-bandit feedback, i.e.,   for chosen super-arm rxt
= x⊤

t θ + ηt xt

Reward function is linear 　x⊤θ

efficient oracle: argmaxx∈𝒳x⊤θ

minimum spanning treemaximum matching 　shortest path



/2710
Sample Complexity

 : gap between the optimal super arm and i-th largest super arm Δi ( ≥ Δmin)

Main Theorem

T = O(∑⌊ d
2 ⌋

i=2
1

Δ2
i (ln |𝒳 |

δ + ln ln Δ−1
i ) +

d(α m + α2)

Δ2
d+1 (ln |𝒳 |

δ + ln ln Δ−1
d+1))

where  (approximation ratio of G-optimal design )α = md /ξmin(M̃(λ*𝒳σ
)) minλ∈△(𝒳) max

x∈𝒳
x⊤M(λ)−1x

Proposed algorithm guarantees  and its sample complexity is:Pr[𝙾𝚞𝚝 = x*] ≥ 1 − δ

・Y. Du*,  Y. Kuroki*, W. Chen, Combinatorial Pure Exploration with Partial or Full-Bandit Linear Feedback, In Proc. of Association for the Advancement of Artificial 
Intelligence (AAAI2021), 2021.

This bound has mild dependence of Δmin( = Δ2)

It matches a lower bound for a family of instances (up to log factors)

Static phaseAdaptive phase

Identify  from  x* S1 ⊆ 𝒳

 (exponentially large space)𝒳

x*
 S1 ⊆ 𝒳

x*

Static phase 
(G-optimal design)

x*

Adaptive phase 
(Linear bandit alg.)

　find  including  
w.h.p. 

S1 x*

 (size-  set)S1 d
best super arm



Introduction 

Recent advances

Linear reward case with Full-bandit feedback 
Online densest subgraph discovery 
Nonlinear reward and partial-linear feedback

Open Problems 

Conclusion 



/2712
Dense Subgraph Discovery

Detecting dense components in networks is 
 a fundamental task in graph mining

▪Identifying molecular complexes in protein interaction networks

Applications examples

▪Finding social groups in friendship networks

▪Detecting communities and spam link farms in web graphs
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Densest Subgraph Problem

: Edge-weighted undirected graph

: a set of edges induced by a set of vertices E(S) S

: Sum of weights of the edges in w(S) = ∑
e∈E(S)

we S

Notation

Polynomial-time solvable! [Charikar’00;Goldberg’84]

  

 Densest Subgraph Problem

Input: 

Output: that maximizesf(S) =
w(S)
|S |

( =
∑v∈S deg(v)

2 |S |
)

▪Size-restricted variants [Andersen & Chellapilla’09, Feige et al. ’01] 
▪Streaming settings [Angel et al.’12; Bahmani et al.’12; Bhattacharya et al. ’15] 
▪Directed graphs [Charikar’00], Multi-layers graphs [Galimberti et al.’ 17] 
▪Uncertain settings[Zou ’13; Miyauchi & Takeda’18; Tsourakakis et al.’19] 

Other problem variations

(degree density)



/2714
Densest Subgraph with Uncertainty 

(picture) https://scx2.b-cdn.net/gfx/news/hires/2014/cellmembrane.jpg
Jeong et al. Nature 2001. 411 (3) and Rual et al. Nature 2005: 437 (4). 

▪The graph data has uncertainty in real-world applications.

Protein-protein network Email communication network

❓❓

▪How to handle the uncertainty of edge weights?

https://spaceandorganisation.files.wordpress.com/2014/02/network_mediacompany_f2finteraction.jpg

Existing model
Robust optimization + Edge-sampling oracle

[Miyauchi & Takeda’18]

▪All single edges are heavily and uniformly queried. 
▪It may be costly or may arise privacy concerns

How similar? How many interactions?

https://scx2.b-cdn.net/gfx/news/hires/2014/cellmembrane.jpg
https://www.ebi.ac.uk/training/online/course/network-analysis-protein-interaction-data-introduction/references
https://www.ebi.ac.uk/training/online/course/network-analysis-protein-interaction-data-introduction/references
https://spaceandorganisation.files.wordpress.com/2014/02/network_mediacompany_f2finteraction.jpg
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Our Model: Bandit Formulation

Our model
Pure exploration of multi-armed bandits  

                  + full-bandit feedback

▪Sequentially observe a response from a set of edges 
▪Requires much less information of individuals

The total sum of the random weights 
 in a queried subset can be observed

A novel learning framework for dense subgraph discovery by 
incorporating the concepts of multi-armed bandits

[This Work]
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Problem Definition: Fixed Budget Setting

Problem (Densest subgraph in fixed budget setting)

Input: 

Output: that maximizes reward function

and fixed budget

Evaluation metric: the probability of error  

*(approximate solution version )

Pr[ f(SOut) ≠ f(S*)]

Pr[ f(Sout) < αf(S*)]

is unknown to the agent

At each round ( ) in the exploration periodt = 1,…, T

Chooses a set of edges  to sampleEt

Observes the stochastic rewards w⊤χEt
+ ηt

 Updates the sampling strategy R-sub Gaussian
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Proposed Algorithm

Still be greedy in the face of uncertainty!

[Charikar, APRROX2000] 
Greedy peeling: Almost linear time 0.5-approximation algorithm 
for the densest subgraph problem
[Audibert et al., COLT2010] 
Successive reject strategy: One of the optimal sampling 
strategy for the BAI in multi-armed bandits

…

←remove
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Theoretical guarantee 

▪Given any            , and any latent edge weight  
▪Assume that the edge weight distribution has R-sub-Gaussian tail. 
▪Then, Algorithm uses at most     samples and outputs a solution such that

Main Theorem

▪By setting the probability of error to a constant, 
the algorithm requires                        queries.

▪We can guarantee the quality with polynomial-size samples!

・Y. Kuroki, A. Miyauchi, J. Honda, M. Sugiyama, Online Dense Subgraph Discovery via Blurred-Graph Feedback, In Proc. International Conference on 
Machine Learning (ICML2020),  pp. 5522-5532, 2020.  
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Result: Performance of proposed algorithm in real-world graphs.

Our algorithm significantly reduces the number of samples for single edges, 
compared to that of an existing state-of-the-art algorithm 

[Miyauchi &Takeda’18]. [Charikar’00]

[Miyauchi & Takeda’18]
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Semi-bandit Full-bandit

Partial Linear

Partial Linear Feedback (CPE-PL)

Can we go beyond the full-bandit? 
Can we deal with nonlinear reward?

Assumtion 1. There exists a constant Lp such that for any x 2 X and any
✓1, ✓2 2 Rd, |r̄(x, ✓1)� r̄(x, ✓2)|  Lp||✓1 � ✓2||2.

<latexit sha1_base64="sEjskRgti+dIzxZmUXcRpDGHV7g="></latexit>

Lipschitz continuity
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Applications Example of Partial-linear feedback

Semi-bandit：  

Full-bandit :  

Partial-linear

⃗y x = (10,14,8,5)

⃗y x = 37

⃗y x = (24,13)

task 1

task 2

task 3

10

14

task 4

5

8

Project A

Project B

Reward of Project A 
(10+14=24)

Reward of Project B 
(5+8=13)

Task assignment in crowdsourcing with 
partial performance feedback 

Online rankling with feedback from top-
ranked items

Applications [Lin+, ICML2014]
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T = O ( |σ |β2
σ L2

p

Δ2
min

log ( β2
σ L2

p

Δ2
minδ ))

23
Sample Complexity

�

<latexit sha1_base64="dXvP6+UCwDVq6fWuyA9HKf8+rcc="></latexit>

:global observer set (support of pulls)��

<latexit sha1_base64="kVAxrZEwFK6SKvOAxTrJnaWYjTE="></latexit>

:upper bound of the estimate error

General framework for nonlinear reward, limited feedback, 
 and combinatorial structures．

Main Theorem
Proposed algorithm is -PAC and its sample complexity is:δ

The bound has heavy dependence on minimum gap 
→We need to design adaptive algorithms (Future work!)

Assumtion 1. There exists a constant Lp such that for any x 2 X and any
✓1, ✓2 2 Rd, |r̄(x, ✓1)� r̄(x, ✓2)|  Lp||✓1 � ✓2||2.

<latexit sha1_base64="sEjskRgti+dIzxZmUXcRpDGHV7g="></latexit>

Lipschitz continuity

・Y. Du*,  Y. Kuroki*, W. Chen, Combinatorial Pure Exploration with Partial or Full-Bandit Linear Feedback, In Proc. of Association for the Advancement of Artificial 
Intelligence (AAAI2021), 2021.
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⇠3(X>X)
<latexit sha1_base64="sw4X/4VUEaxCEYe8y+2qk6lbeT4=">AAAhinicrVrdbtxEFJ6WvxIKTcsNEjcOSdqCQuSkQpSiSlvS0iK6an76E6mbrtZe79aJ13Zs72a3Zl+AF+ACCQkkBIjH4IYX4KKPgLgsEjdccM6Zsdf22mMvSVbrtWfO+c7PnDlzZhzNtUw/UNXnp06/9PIrr7525vW5N86++da5+fMXHvpO39ONB7pjOd6u1vINy7SNB4EZWMau6xmtnmYZj7SDDex/NDA833Ts+8HINfZ6ra5tdky9FUBTc/7CUmNoNq9c3n0SNgLHHe++v9ScX1RXVfpTpm/WxM0iE3+bzvl5lTVYmzlMZ33WYwazWQD3FmsxHz6P2RpTmQtteyyENg/uTOo32JjNAW8fqAygaEHrAVy78PRYtNrwjJg+cesgxYKvB5wKW1b </latexit>

⇠2(X>X)
<latexit sha1_base64="3QzyDeGZUXvPZLG73XiEWDXC/Zw=">AAAhinicrVrdbtxEFJ6WvxIKTcsNEjcOSdqCQuRshShFlVLS0iK6an76E6mbrtZe79aJ13Zs72a3Zl+AF+ACCQkkBIjH4IYX4KKPgLgsEjdccM6Zsdf22mMvSVbrtWfO+c7PnDlzZhzNtUw/UNXnp06/9PIrr7525vW5N86++da5+fMXHvpO39ONB7pjOd6u1vINy7SNB4EZWMau6xmtnmYZj7SDDex/NDA833Ts+8HINfZ6ra5tdky9FUBTc/7CUmNoNmuXd5+EjcBxx7vvLzXnF9VVlf6U6Zs1cbPIxN+mc35eZQ3WZg7TWZ/1mMFsFsC9xVrMh89jtsZU5kLbHguhzYM7k/oNNmZzwNsHKgMoWtB6ANcuPD0WrTY8I6ZP3DpIseDrAafCltU </latexit>

⇠1(X>X)
<latexit sha1_base64="62YShHXKd/reMo5BzASl/+RtKHA=">AAAhinicrVrdbtxEFJ6WvxIKTcsNEjcOSdqCQuSkQpSiSlvS0iK6an76E6mbrtZe79aJ13Zs72a3Zl+AF+ACCQkkBIjH4IYX4KKPgLgsEjdccM6Zsdf22mMvSVbrtWfO+c7PnDlzZhzNtUw/UNXnp06/9PIrr7525vW5N86++da5+fMXHvpO39ONB7pjOd6u1vINy7SNB4EZWMau6xmtnmYZj7SDDex/NDA833Ts+8HINfZ6ra5tdky9FUBTc/7CUmNoNtcu7z4JG4HjjnffX2rOL6qrKv0p0zdr4maRib9N5/y8yhqszRymsz7rMYPZLIB7i7WYD5/HbI2pzIW2PRZCmwd3JvUbbMzmgLcPVAZQtKD1AK5deHosWm14RkyfuHWQYsHXA06FLat </latexit>

/ det(X>X)�1
<latexit sha1_base64="9O4SjlbGHryyBTmBC2DbgakRBrA=">AAAhlnicrVrNb9xEFJ+WrxI+msKlEhJySNIWlEZOKkRVqWhLCC2iqybpV6Ruulp7vVsnXtuxvZvdmr1x4h/gwAkkDsAR/gMu/AMc+icgjkXiwoH33oy9ttcee0myWn/MvPd7H/PmzZvZaK5l+oGqPjt1+oUXX3r5lTOvzr32+htvnp0/99YD3+l7unFfdyzH29VavmGZtnE/MAPL2HU9o9XTLOOhdrCB/Q8Hhuebjn0vGLnGXq/Vtc2OqbcCaGrOv7vUcD3HDRyl0TaCS7uPw0bguOPd9x+Hl9fGS835RXVVpT9l+mFNPCwy8bflnJtXWYO1mcN01mc9ZjCbBfBssRbz4fOIrTGVudC2x0Jo8+DJpH6Djdkc8PaBygCKFrQewLULb49Eqw3viOk </latexit>

G-optimal

E-optimal

xG
n = argminxn2Rd⇥n maxx2X x>A�1

xn
x

<latexit sha1_base64="/c7puwe5Hvz3vbOtkoKV5jc4NM8="></latexit>

X ⇤
� = argminX�✓X �max((

P
x2X�

xx>)�1)

<latexit sha1_base64="8j65M1wUJaExCO4t64t8SmQZioQ="></latexit>

G-opt and E-opt is NP-hard

Can we design good approximation algorithm?

Future work

Our study

Naive approximation
It results in worse sample complexity

Open Problem 1: Experimental design
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Open Problem 2: Lower Bound

It is open to prove a lower bound of polynomial-time -PAC algorithms, 
and design more efficient algorithms

δ

Theorem for linear bandits [Fiez+. NeurIPS2019]

Any -PAC algorithms has sample complexity of δ

𝔼θ[τ] ≥ log(1/2.4δ) minλ∈△(𝒳) maxx∈𝒳∖{x*}
∥x* − x∥2

M(λ)−1

((x* − x)⊤θ)2



/2727
Conclusion

To deal with uncertainty for combinatorial optimization,  
we study the combinatorial bandit problems with limited feedback.

Linear reward case with Full-bandit feedback 
Online densest subgraph discovery 
Nonlinear reward and partial-linear feedback

Semi-bandit
Full-bandit

Partial monitoring (weak observation)

non-linear

linear reward

Pure exploration̶ focus on exploration to identify the best arm

densest subgraph problem

There are many future problems!

Thank you!

Individual sample


